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Abstract
We study the orbital angular momentum (OAM) transfer from a weak Laguerre-Gaussian (LG)
field to a weak plane-wave in two closed-loop three-level V -type atomic systems. In the first
scheme, the atomic system has two non-degenerate upper levels which the corresponding transition
is excited by a microwave plane-wave. It is analytically shown that the microwave field induces
an OAM transfer from an LG field to a generated third field. In the second scheme, we consider
a three-level V -type atomic system with two near-degenerate excited states and study the effect
of the quantum interference due to the spontaneous emission on the OAM transfer. It is found
that the spontaneously generated coherence (SGC) induces the OAM transfer from the LG field
to the weak planar field, while the OAM transfer does not occur in the absence of the SGC. The
suggested models prepare a rather simple method for the OAM transfer which can be used in
quantum information processing and data storage.
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I. INTRODUCTION
Quantum interference has a major role in determining the optical properties of the quan-
tum systems [1]. It is well-known that the spontaneously generated coherence (SGC) is a
kind of vacuum induced coherence which may give rise to a coherent superposition of two
quantum states. The vacuum induced coherence can be occurred in Λ [2], V [3] or ladder type
[4] quantum systems. In the past two decades, the effect of the vacuum induced coherence
on the optical properties of the quantum system has been studied and it was shown that the
SGC can affect the optical phenomena such as pump-probe response [5], loss-free propaga-
tion of a short laser pulse [6], Autler-Townes doublet [7], optical bistability [8], spectral-line
narrowing [9], Kerr nonlinearity [10, 11], electromagnetically induced transparency (EIT),
and refractive properties [12]. The role of quantum interference in the optical properties
beyond two-photon resonance condition is investigated in a three-level V-type pumpprobe
atomic system and it was demonstrated that the absorption, dispersion, group index, and
optical bistability depend on the SGC [13].
On the other hand, in 1992, Allen et al. have found that a laser beam can carry orbital
angular momentum (OAM), so-called the vortex beam, in addition to the spin angular
momentum of the circularly polarized beam [14]. A fine particle rotates around its central
axis when it is exerted by a polarized light carrying spin angular momentum. However, a
light beam with OAM makes the particle to orbit in some special conditions and the OAM of
light transfers to absorptive particles [15]. In recent years, the vortex beams have been taken
into consideration because of their potential to create the high-dimensional Hilbert space.
One of the vortex beams is a Laguerre-Gaussian (LG) beam which can be generated using
forked diffraction gratings [16], cylindrical lens mode converters [17], spiral phase plates [18],
holograms [19], and spatial light modulators (SLMs) [20]. An LG beam has a doughnut-
like intensity profile with helical wavefront due to the azimuthal component of its Poynting
vector. Some of the quantum optical phenomena such as EIT [21], four-wave mixing (FWM)
[22–25], second harmonic generation (SHG) [26, 27], sum frequency generation [28], and
atom-photon entanglement [29] have been controlled by the OAM of light. Recently, the
OAM transfer from a vortex beam to a non-vortex beam via the light-matter interaction
has been widely investigated in different atomic systems [30–34].
In this manuscript, we are going to study the possibility of the OAM transfer via quantum
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interference due to the spontaneous emission which has not been previously reported. The
OAM transfer between two laser beams is investigated in two simple three-level atomic
systems with non-degenerate and near-degenerate two upper levels. Analytical solution of
the Bloch and coupled Maxwell equations gives the Rabi frequency of the output field along
the propagation direction. It is found that the OAM transfer between light beams depends
on the microwave field in non-degenerate excited states as well as the strength of the SGC in
near-degenerate states. The absorption profiles for different modes of the LG field show that
the absorption(gain)-assisted EIT window in the atomic system leads to enhancement of the
OAM transfer efficiency. The OAM transfer in these simple atomic systems can be used
for broad applications in quantum information processing. We organize this manuscript as
follows. Section 2 is devoted to the OAM transfer in a closed-loop three-level V -type atomic
system. In section 3, we introduce a three-level V -type atomic system and show the OAM
transfer induced by the SGC. Section 4 presents our conclusions.
II. CLOSED-LOOP THREE-LEVEL V -TYPE ATOMIC SYSTEMS
Let us consider an ensemble of the closed-loop three-level V -type atoms with two non-
degenerate excited states, as shown in Fig. 1. Two weak probe fields, named as right and
left fields, are applied to the |2〉 ↔ |1〉 and |3〉 ↔ |1〉 transitions, respectively. The transition
|3〉 ↔ |2〉 is driven by a planar microwave field. The Rabi frequency of the applied fields
is defined by Ωσ = ~µσ · ~Eσ/h¯ with σ = R, L, and m. The atomic induced dipole moment
of the related transition and amplitude of the field vectors are denoted by ~µσ and ~Eσ,
respectively. The proposed atomic system can be established in the Rb Rydberg atoms [35].
The spontaneous emission rates are indicated by γR, γL, and γm.
The right field is chosen to be a planar field and the left planar field is generated along
the atomic medium due to the microwave field. We suppose that the right field is an LG
one which carries the OAM and its Rabi frequency in the cylindrical coordinates is given by
ΩR(r, ϕ) = Ω0R
1
√|l|! (
√
2r
wLG
)|l| e−r
2/w2
LG eilϕ. (1)
Here, Ω0R, wLG, and l describe the constant Rabi frequency of the right field, LG beam waist,
and OAM index, respectively. In order to investigate the properties of the generated left
field, it is necessary to solve the Bloch and Maxwell equations, simultaneously. The Bloch
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FIG. 1: Closed-loop three-level V -type atomic system schematics which can be established in Rb
Rydberg vapor sample interacting with two weak applied fields, ΩR and ΩL and a strong planar
microwave field, Ωm. The spontaneous emission rates are defined by γR, γL, and γm.
equations are obtained using density matrix formalism in the electric-dipole and rotating-
wave approximations as
ρ˙22 = −2γRρ22 + 2γmρ33 + iΩ∗Rρ12 − iΩRρ21 + iΩmρ32 − iΩ∗mρ23,
ρ˙33 = −2(γL + γm)ρ33 + iΩ∗Lρ13 − iΩLρ31 − iΩmρ32 + iΩ∗mρ23,
ρ˙12 = (i∆R − γR)ρ12 − iΩR(ρ22 − ρ11) + iΩLρ32 − iΩ∗mρ13,
ρ˙13 = [i∆L − (γL + γm)]ρ13 − iΩL(ρ33 − ρ11) + iΩRρ23 − iΩmρ12,
ρ˙23 = [i∆m − (γR + γL + γm)]ρ23 − iΩLρ21 + iΩ∗Rρ13 + iΩm(ρ22 − ρ33),
ρ˙11 = −(ρ˙22 + ρ˙33), (2)
where the frequency detuning between the laser field and corresponding transition is indi-
cated by ∆σ = ωσ− ω¯σ. The analytical expressions for the coherence terms, ρ21 and ρ31, can
be obtained solving Eq. (2) in the steady state and under multi-photon resonance condition,
∆R = ∆L = ∆m = 0, γR = γL = γ, and γm = 2γ, as
ρ21 =
−ΩLΩm − 3iγΩR
3γ2 + Ω2m
,
ρ31 =
iγΩL − ΩmΩR
3γ2 + Ω2m
. (3)
We consider that the positive(negative) imaginary part of the coherence terms shows the
absorption(gain) response of the atomic system. On the other hand, the Maxwell equations
for the weak time-independent right and left fields, propagating in the z-direction, in the
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slowly varying envelope approximation stand for
∂ΩR(z)
∂z
= i
αγ
2L
ρ21,
∂ΩL(z)
∂z
= i
αγ
2L
ρ31, (4)
where γR = γL = γ. The parameter L is the length of the atomic medium and α defines
the optical depth for both right and left fields [30]. Substituting Eq. (3) in Eq. (4) and
assuming ΩL(z = 0) = 0 and ΩR(z = 0) = ΩR(r, ϕ), given by Eq. (1), the Rabi frequency
of the generated left field in the atomic medium takes the form
ΩL(z) =
i
2
√
γ2 − Ω2m
[exp(
−zαγ(2γ +√γ2 − Ω2m)
2L(3γ2 + Ω2m)
)
− exp(zαγ(−2γ +
√
γ2 − Ω2m)
2L(3γ2 + Ω2m)
)]ΩmΩR(r, ϕ). (5)
It is found that the Rabi frequency of the generated left field corresponds to the Rabi
frequency of the right field. It means that by choosing the right field as an LG field, the
OAM transfers to the generated left field. It is worth to note that, here, the microwave field
is directly responsible for the OAM transfer from the right to left field. According to Eq.
(5), the left field cannot be generated in the absence of the microwave field, so the OAM
transfer is stopped.
In the following, we are going to study the phase and intensity properties of the output
left field. We scale all the frequencies by γ. Using Eqs. (3) and (5), we plot the absorption
(left column), intensity (middle column), and phase (right column) profiles of the generated
left field versus x and y at the end plane of the atomic medium, z = L, for the Gaussian and
different modes of the right LG field, i.e., l = −2,−1, ..., 2, in Fig. 2. The horizontal and
vertical axes are x and y axes in millimeter. Used parameters are γR = γL = γ, γm = 2γ,
Ωm = 4γ, Ω0R = 0.1γ, wG = wLG = 0.5mm, α = 100, and ∆R = ∆L = ∆m = 0. As expected
from Eq. (5), the output left field is directly proportional to the microwave and right fields.
The generation of the left field depends on the increment of the medium transparency at
the end plane of the atomic medium. The absorption profiles, in Fig. 2, indicate that the
medium is nearly transparent at the end plane of the atomic medium. A bird’s eye view
on the results of Fig. 2 shows that the number of petals in the absorption profiles is 2l
which indicate the absorption or gain regions. An investigation on the middle and right
columns shows that the output left field contains the properties of an LG field and carries
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FIG. 2: The spatially dependent behavior of the imaginary part of ρ31 (left column), intensity
(middle column), and phase (right column) profiles of the output left field versus x and y for
the Gaussian and different modes of the right LG field, i.e., l = −2,−1, ..., 2, at z = L. Used
parameters are γR = γL = γ, γm = 2γ, Ωm = 4γ, Ω0R = 0.1γ, wG = wLG = 0.5mm, α = 100, and
∆R = ∆L = ∆m = 0.
a finite OAM. For the special case, when the right field is considered as a Gaussian with
the planar wavefront, the output left field becomes Gaussian with uniform spatially phase
profile distribution.
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III. THREE-LEVEL V -TYPE ATOMIC SYSTEMS WITH THE SGC
In order to study the OAM transfer via the SGC, we consider an ensemble of three-
level V -type atoms including two near-degenerate upper levels as shown in Fig. 3 and take
into account the effect of the quantum interference due to the SGC. The strength of the
SGC is given by η = ~µ31 · ~µ21/|~µ31| · |~µ21| which depends on the angle between two atomic
induced dipole moment vectors. It is assumed that the transition |3〉 ↔ |1〉(|2〉 ↔ |1〉) is
excited by left(right) field with Rabi frequency ΩL = ~µ31 · ~EL/h¯(ΩR = ~µ21 · ~ER/h¯) and laser
frequency ωL(ωR). The atomic induced dipole moment of the transition |3〉 ↔ |1〉(|2〉 ↔ |1〉)
and amplitude of left(right) field are denoted by ~µ31(~µ21) and ~EL( ~ER), respectively. The
spontaneous emission rates from two upper energy levels to the ground state are defined by
γR and γL. As a realistic example, we consider D2 line of sodium atoms with a ground state
|1〉 = |3 2S1/2, F = 1〉, two sublevels |3 2P3/2, F ′ = 0〉 and |3 2P3/2, F ′ = 1〉 as two excited
states, |2〉 and |3〉, respectively [36].
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FIG. 3: Three-level V -type atomic system schematics which can be established in a sodium vapor
sample with the SGC interacting with two weak applied fields, ΩR and ΩL. The spontaneous
emission rates from two upper energy levels to the ground state are defined by γR and γL.
The Bloch equations in the electric-dipole and rotating-wave approximations, read to
ρ˙22 = −2γRρ22 + iΩ∗Rρ12 − iΩRρ21 − η
√
γRγL(ρ32 + ρ23),
ρ˙33 = −2γLρ33 + iΩ∗Lρ13 − iΩLρ31 − η
√
γRγL(ρ32 + ρ23),
ρ˙12 = (i∆R − γR)ρ12 − iΩR(ρ22 − ρ11) + iΩLρ32 − η√γRγLρ13,
ρ˙13 = (i∆L − γL)ρ13 − iΩL(ρ33 − ρ11) + iΩRρ23 − η√γRγLρ12,
ρ˙23 = [i(∆L −∆R)− (γR + γL)]ρ23 − iΩLρ12 + iΩ∗Rρ13 − η
√
γRγL(ρ22 + ρ33),
ρ˙11 = −(ρ˙22 + ρ˙33). (6)
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We assume γR = γL and scale all the frequencies by γ = 2π × 9.8MHz. Solving Eq. (6) for
∆R = ∆L = 0 gives the coherence terms of the probe transitions as [13]
ρ21 = i
η(η − 1)2ΩL + (η − 1)2ΩR
3η2(1− η2)− 1 ,
ρ31 = i
η(η − 1)2ΩR + (η − 1)2ΩL
3η2(1− η2)− 1 . (7)
We solve the Maxwell equations for the right and left fields in slowly varying approximation
using Eq. (7) for the selected boundary conditions, ΩL(z = 0) = 0 and ΩR(z = 0) =
ΩR(r, ϕ). We obtain the Rabi frequency of the generated left field, propagating in the
z-direction, as
ΩL(z) = −1
2
[exp(
zα(−η − 1)(1− 2η2 + η4)
2L(1− 3η2 + 3η4) )
− exp(zα(η − 1)(1− 2η
2 + η4)
2L(1− 3η2 + 3η4) )]ΩR(r, ϕ). (8)
Two remarks are in order about result 8. First, in the absence of the SGC, the amplitude of
the generated left field vanishes and the OAM transfer does not occur. So, the presence of
the SGC leads to the OAM transfer from the right field to the left one. Second, the properties
of the generated left field directly depend on the intensity and phase of the right LG field.
Thus, the OAM transfer in the three-level V -type atomic systems with two near-degenerate
excited states is due to the SGC.
Now, we are interested in studying the OAM transfer between light beams in the three-
level V -type atomic system in the presence of the SGC. The absorption, intensity, and phase
profiles of the generated left field at the end plane of the atomic medium, z = L, are obtained
using Eqs. (7) and (8). In Fig. 4, the spatially dependent behavior of the imaginary part of
ρ31 (left column), intensity (middle column), and phase (right column) profiles of the output
left field as a function of x and y are plotted for the Gaussian and different modes of the
right LG field, i.e., l = −2,−1, ..., 2 at z = L. Used parameters are η = 0.5, γL = γR = γ,
Ω0R = 0.1γ, wG = wLG = 0.5mm, α = 100, and ∆L = ∆R = 0. The intensity and phase
profiles of the output left field (middle and right columns) are absolutely equivalent to the
different modes of the right LG field. Although the medium becomes more transparent in
comparing with Fig. 2, the output left field intensity is heavily decreased for all the right
LG field modes.
Let us consider the effect of the strong SGC on the OAM transfer. Figure 5 shows the
different density plots of the output left field for η = 0.99 where other parameters are same
8
FIG. 4: The spatially dependent behavior of the imaginary part of ρ31 (left column), intensity
(middle column), and phase (right column) profiles of the output left field as a function of x and
y for the Gaussian and different modes of the right LG field, i.e., l = −2,−1, ..., 2 at z = L.
Used parameters are η = 0.5, γR = γL = γ, Ω0R = 0.1γ, wG = wLG = 0.5mm, α = 100, and
∆L = ∆R = 0.
as in Fig. 4. Comparing the left columns of Figs. 2 and 5, we find that the absorption and
gain values at z = L have the same order of magnitude for the strong SGC in the second
scheme. An investigation on the middle column of Fig. 5 shows that the output left field’s
intensity increases up to ten times of the intensity values in Fig. 2 for the strong SGC.
Therefore, the efficiency of the OAM transfer completely depends on the SGC strength of
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FIG. 5: The spatially dependent behavior of the imaginary part of ρ31 (left column), intensity
(middle column), and phase (right column) profiles of the output left field versus x and y for the
Gaussian and different modes of the right LG field, i.e., l = −2,−1, ..., 2. The SGC strength is
considered to be η = 0.99 and the other parameters are the same parameters as in Fig. 4.
the atomic system. However, the phase of the right LG field (right column of Figs. 4 and
5) perfectly transfers to the left planar field for nonzero SGC values.
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IV. CONCLUSION
We have investigated the OAM transfer between two laser beams via the quantum in-
terference due to the SGC. Firstly, the OAM transfer has been studied in a closed-loop
three-level V -type atomic system with two non-degenerate upper levels. It has been an-
alytically shown that the OAM transfer from the LG field to the planar field is induced
by the microwave field, applied to the non-degenerate excited states transition. Secondly,
the effect of the SGC on the OAM transfer has been investigated in a three-level V -type
atomic system with two near-degenerate excited states and has been shown that the OAM
transfers in the presence of the SGC. The OAM transfer is accompanied by negligible gain-
or absorption-assisted EIT window for different choices of the right LG field’s mode. It is
worth to note that the left LG field intensity for the strong SGC increases with respect
to the first scheme. Controlling the OAM transfer via the SGC can play a crucial role in
high-dimensional data storage and data transfer.
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